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Abstract
It is known that turbulent energy is rapidly transferred in the direction of the rotation axis in
a rotating system, in comparison with the non-rotating case. In this study, this phenomenon is
investigated as a problem of energy diffusion expressed by the Reynolds averaged Navier-Stokes
(RANS) model. The conventional gradient-diffusion approximation for the turbulent energy flux
cannot account for the enhanced energy transport observed in rotating inhomogeneous turbulence.
In experiments, inhomogeneity of turbulence is modeled with an oscillating grid, leading to the
turbulent energy falling off away from the grid. In order to adequately describe the phenomenon,
we propose a new model for the energy flux due to the pressure associated with the rotational
motion of a fluid. The model of the energy flux is expressed to be proportional to the turbulent
helicity, which is the statistically averaged value of the inner product of the velocity and vorticity
fluctuations. This property is closely related to the group velocity of inertial waves in a rapidly
rotating fluid. The validity of the model is assessed using a direct numerical simulation (DNS) of
inhomogeneous turbulence under rotation where the flow configuration is similar to the oscillating-
gird turbulence. It is shown that most of the turbulent energy transport enhanced by the system
rotation is attributed to the pressure diffusion term. The spatial distribution of the energy flux
due to the pressure related to the system rotation is similar to that of the turbulent helicity with
negative coefficient. Hence, the new model which is proportional to the turbulent helicity is able
to qualitatively account for the enhanced energy flux due to the system rotation. Finally, the
helical Rossby number is proposed in order to estimate the relative importance of the energy flux
enhanced by the turbulent helicity and the rotation, in comparison to the conventional gradient-
diffusion approximation.
∗ kinagaki@iis.u-tokyo.ac.jp
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I. INTRODUCTION
Turbulent flows are known to be significantly affected by rotation. Many geophysicists,
astrophysicists, meteorologists, and engineers are interested in the effects of rotation on
turbulence. In a rapidly rotating fluid, the well known Taylor-Proudman theorem suggests
that a flow tends to become two-dimensional. Although an exactly two-dimensional flow
is not always established especially in wall-confined flows, the tendency of the quasi two-
dimensionalization is observed in homogeneous turbulence under rotation, using the eddy-
damped quasi-normal Markovian (EDQNM) approximation [1], the large-eddy simulation
(LES) [2], and direct numerical simulation (DNS) [3, 4]. These results indicate that the
inter-scale energy transfer in the wavenumber space is altered due to the system rotation.
In the case of decaying homogeneous turbulence, system rotation prevails against the energy
cascade to the small scale, and the decay rate of the turbulent energy is reduced [3, 5]. Since
the energy cascade is the inter-scale energy transfer, it may be difficult to be modeled in
one-point closure. In order to avoid this difficulty, the reduction of the dissipation rate of
the turbulent energy is modeled in the Reynolds averaged Navier-Stokes (RANS) modeling
instead of modeling the reduction of the cascade rate. As a result, a term accompanied
with the rotation is added in the transport equation for the turbulent energy dissipation
rate [5, 6]. Although this is an indirect modeling of the phenomenon, the reduction of decay
rate of the turbulent energy can be predicted by the one-point closure model of the RANS
equation.
The RANS models are more often applied to inhomogeneous turbulence. In the previous
studies of the RANS modeling, the effects of the system rotation on inhomogeneous turbu-
lence are mainly discussed in terms of the Reynolds stress. In these studies, the effects of
the system rotation on the Reynolds stress are expressed in the form of the nonlinear eddy-
viscosity models with rotation-dependent coefficients [7, 8] and with the turbulent helicity
[9–11]. Here, the turbulent helicity is defined as H = 〈u′iω
′
i〉 where 〈〉 denotes the ensemble
average, and u′i and ω
′
i are the velocity and vorticity fluctuations, respectively. Note that
the turbulent helicity is not the total amount in volume but the statistically averaged value
at one point, so that it can vary in time and space. On the other hand, the effects of the sys-
tem rotation on the turbulent energy transport were not discussed. This might be because
the Coriolis force does not perform work on the fluid, and the turbulent energy transport
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equation is not altered.
In order to focus on the effects of rotation on the turbulent energy transport rather than
on the Reynolds stress, it is useful to consider the inhomogeneous flow fields with zero mean
velocity. A simple example of such a flow is oscillating-grid turbulence [12, 13]. Its schematic
flow configuration is shown in Fig. 1, in which the system rotation rate ΩF is zero. In the
experiment involving this flow, the turbulent energy is generated by an oscillating grid in a
tank and spatially transferred in one direction perpendicular to the grid plane. Dickinson
and Long [13] experimentally suggested that the diffusion of the turbulent energy can be
represented by the ‘eddy viscosity,’ and the width of the turbulence region around the grid d
grows as d ∼ t1/2. This suggestion indicates that the diffusion in oscillating-grid turbulence
can be predicted using the conventional gradient-diffusion approximation. Matsunaga et al.
[14] revealed that the spatial distribution of the turbulent energy in a steady state of the
oscillating-grid turbulence can be predicted by the conventional K-ε model.
These results suggest that the gradient-diffusion approximation with the eddy viscosity
is suitable for the description of inhomogeneous turbulence without rotation. However, this
is not the case for rotating turbulence. Dickinson and Long [15] performed an experiment
involving oscillating-grid turbulence with system rotation where the axis was perpendicular
to the grid plane (Fig. 1). They revealed that the width of the turbulence region grows
as d ∼ t; the growth is faster than the non-rotating case where d ∼ t1/2. The same result
was obtained by experiments [16, 17] and a numerical simulation [18]. This fact suggests
that for rotating inhomogeneous turbulence, the diffusion of the turbulent energy cannot be
simply described by the gradient-diffusion approximation since the time dependence of the
width of the turbulence region is notably different from the well-known diffusion problem.
In other words, the phenomenon cannot be predicted by the conventional RANS models
using the gradient-diffusion approximation with the eddy viscosity. Moreover, Godefered
and Lollini [19] performed the DNS which mimics the rotating oscillating-grid turbulence
and showed that the spatial distribution of the turbulent energy is significantly affected
by system rotation. Although Yoshizawa [20] proposed a model for the pressure-velocity
correlation associated with the mean rotational motion of a fluid, this model represents the
energy flux in the direction perpendicular to the rotation axis. Hence, this model cannot
account for the energy transfer enhanced in the direction parallel to the rotation axis.
Ranjan and Davidson [18] discussed the relationship between the growth of the width of
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FIG. 1. Schematic diagram for oscillating-grid turbulence. ΩF denotes the angular velocity of the
system rotation.
the turbulence region and the inertial wave observed in rotating oscillating-grid turbulence
in detail. The group velocity of the inertial wave is mostly directed to the rotation axis and
its sign corresponds to the sign of the instantaneous helicity, u′iω
′
i [21]; the wave packets
with negative (positive) instantaneous helicity propagate in the positive (negative) direction
of the rotation axis. In fact, it was showen the instantaneous helicity is successively segre-
gated in a statistical sense in their simulation [18], which is consistent with the inertial wave
propagation. These facts imply that in the RANS modeling, the energy transport enhanced
in rotating oscillating-grid turbulence can be described in terms of the turbulent helicity.
Inagaki et al. [11] showed that in the case of inhomogeneous helical turbulence subject to
system rotation, the pressure diffusion term significantly contributes to the Reynolds stress
transport. They also confirmed that the correlation between the velocity and the pressure
fluctuation can be expressed by the product of the turbulent helicity and the absolute vor-
ticity vector. In contrast to the model proposed by Yoshizawa [20], the model proposed by
Inagaki et al. [11] represents the energy flux in the direction parallel to the rotation axis.
Thus, this model is expected to account for the enhanced energy transport in the direction
parallel to the rotation axis for rotating inhomogeneous turbulence.
Helical flow structures are often seen in engineering fields such as a swirling flow in a
straight pipe [22, 23] or the swirling jet [24], and meteorological flows including supercell
[25, 26]. It is possible that the turbulent helicity affects the energy flux in such flows. The
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model suggested by Inagaki et al. [11] may be useful for predicting such helical flows with
rotation. In the context of magnetohydrodynamics (MHD), the turbulent helicity is known to
be essential for the alpha dynamo effect [27–29]. The model of the energy flux accompanied
with the turbulent helicity and rotation suggests that the turbulent helicity affects not
only the mean magnetic field, but also the turbulent kinetic energy. The prediction of the
turbulent kinetic energy is significant for the estimation of the turbulent time scale in the
alpha coefficient in the RANS models of the MHD turbulence [30–32].
In this study, we assess the validity of the model proposed by Inagaki et al. [11] which
is associated with the turbulent helicity by using a DNS of freely decaying inhomogeneous
turbulence with and without system rotation whereby the rotation axis is parallel to the
inhomogeneous direction of turbulence. The simulation configuration is similar to that
proposed by Ranjan and Davidson [18] in which the simulation of rotating turbulence is
performed starting from a spatially confined homogeneous isotropic turbulence. We focus
on the RANS modeling of the phenomenon in low to moderate rotation cases. This is because
under such circumstances, neither the conventional gradient-diffusion approximation nor the
linear inviscid solution of the Navier-Stokes equation is suitable for the description of the
flow. Low to moderate rotation cases correspond to fully developed turbulent flows, and they
are the target of the RANS modeling. In this study, the transport equation for the turbulent
energy is examined. The validity of the newly proposed model is discussed compared to the
simulation result. Finally, the helical Rossby number is proposed as a criterion for judging
the relative importance of the enhanced energy flux due to the turbulent helicity and the
rotation in general turbulent flows.
The organization of this paper is as follows. In Sec II, the turbulent energy transport
and the conventional model approach are described. In addition, a new model expression is
proposed for the energy flux enhanced by the turbulent helicity and the rotation. In Sec. III,
the numerical setup and the simulation results are presented. A discussion of the validity of
the new model is presented in Sec. IV. The helical Rossby number is proposed as a criterion
for judging the relative importance of the energy flux enhanced by the turbulent helicity
and rotation in general turbulent flows. Finally, a summary is provided and conclusions are
discussed in Sec V.
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II. TURBULENT ENERGY TRANSPORT ENHANCED BY THE TURBULENT
HELICITY AND ROTATION
The Navier-Stokes equation and the continuity equation for an incompressible fluid in a
rotating system are given, respectively, by
∂ui
∂t
= −
∂
∂xj
uiuj −
∂p
∂xi
+ ν∇2ui + 2ǫijℓujΩ
F
ℓ + f
ex
i , (1)
∂ui
∂xi
= 0, (2)
where ui is the ith component of velocity, p the pressure divided by the fluid density with
the centrifugal force included, ν the kinematic viscosity, ∇2(= ∂2/∂xj∂xj) the Laplacian
operator, ΩFi the angular velocity of the system rotation, ǫijℓ the alternating tensor, and f
ex
i
the external forcing. The pressure is determined by the following Poisson equation:
∇2p = −sijsij +
1
2
ωiωi + 2ωiΩ
F
i , (3)
where sij [= (∂ui/∂xj + ∂uj/∂xi)/2] is the strain rate of velocity and ωi(= ǫijℓ∂uℓ/∂xj) is
the vorticity. In a non-rotating frame, the first two terms on the right-hand side of Eq. (3)
remain. The third term on the right-hand side of Eq. (3) denotes the effect of the system
rotation on the pressure. In order to directly evaluate the effects of rotation on the pressure,
we decompose the pressure into a nonlinear component and a rotational component as
p = pN + pΩ where they are respectively defined as
∇2pN = −sijsij +
1
2
ωiωi, (4a)
∇2pΩ = 2ωiΩ
F
i . (4b)
Hereafter, we refer to pN as the nonlinear pressure and refer to pΩ as the rotational pressure.
A. Turbulent energy transport equation
In this study, the energy transport phenomenon observed in both non-rotating and rotat-
ing oscillating-grid turbulence are discussed in terms of the RANS equation. We decompose
the physical quantities q[= (ui, p, ωi)] into the mean and the fluctuation parts as
q = Q+ q′, Q = 〈q〉 , (5)
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where 〈〉 denotes the Reynolds or ensemble averaging. Substituting Eq. (5) into Eqs. (1) and
(2), we can derive the equations for the mean velocity and the velocity fluctuation. Then,
the equation for the turbulent energy K(= 〈u′iu
′
i〉/2) is written as
∂K
∂t
+
∂
∂xi
UiK = P
K − ε+ TK +ΠK +DK + FK . (6)
Here, PK is the production rate, ε the dissipation rate, TK the turbulent diffusion, ΠK the
pressure diffusion, DK the viscous diffusion, and FK the work done by the external forcing.
They are respectively defined as
PK = −RijSij, (7a)
ε = ν
〈
∂u′i
∂xj
∂u′i
∂xj
〉
, (7b)
TK = −
∂
∂xi
〈
u′i
1
2
u′ju
′
j
〉
, (7c)
ΠK = −
∂
∂xi
〈u′ip
′〉 , (7d)
DK = ν∇2K, (7e)
FK = 〈u′if
ex
i
′〉 , (7f)
where Sij [= (∂Ui/∂xj + ∂Uj/∂xi)/2] denotes the strain rate of the mean velocity and Rij(=
〈u′iu
′
j〉) is the Reynolds stress. It should be noted that the angular velocity of the system
rotation does not appear explicitly in Eqs. (6) and (7a)–(7f) since the Coriolis force does not
perform work. However, the effect of the system rotation on the turbulent energy transport
should be incorporated thorough the rotational pressure [Eq. (4b)]. Then, we decompose
the pressure diffusion term as
ΠK = ΠN +ΠΩ, (8)
where ΠN and ΠΩ are respectively defined as
ΠN = −
∂
∂xi
〈
u′ip
N′
〉
, (9a)
ΠΩ = −
∂
∂xi
〈
u′ip
Ω′
〉
. (9b)
Hereafter, we refer to ΠN as the nonlinear pressure diffusion and refer to ΠΩ as the rotational
pressure diffusion.
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B. Diffusion problem described in terms of the RANS equation
In the case of oscillating-grid turbulence, there is no mean velocity and the flow is ho-
mogeneous in two directions and inhomogeneous in one direction. Hereafter, we take the
direction of the flow inhomogeneity and the rotation axis to be z. Then, the equation for K
is written as
∂K
∂t
= −ε −
∂
∂z
(〈
u′z
1
2
u′iu
′
i
〉
+
〈
u′zp
N′
〉
+
〈
u′zp
Ω′
〉)
+ ν
∂2K
∂z2
+ FK . (10)
In this case, FK represents the energy injection due to the grid oscillation. Here, all terms
except for the viscous diffusion term are unknown variables and need to be modeled. In the
conventional RANS modeling, ε is usually obtained by solving its transport equation, and
the diffusion terms are modeled by the gradient-diffusion approximation as
〈
u′i
1
2
u′ju
′
j
〉
+
〈
u′ip
N′
〉
+
〈
u′ip
Ω′
〉
= −
νT
σK
∂K
∂xi
, (11)
where νT is the eddy-viscosity coefficient expressed by νT = CνK
2/ε in which Cν and σK
are model constants. For high-Reynolds-number turbulence, the diffusion by the kinematic
viscosity is negligible and the model is given by
∂K
∂t
= −ε+
∂
∂z
(
Cν
σK
K2
ε
∂K
∂z
)
+ FK . (12)
This model accurately predicts a non-rotating oscillating-grid turbulence since the eddy
viscosity represents the energy diffusion due to turbulent mixing. The gradient-diffusion
approximation for the energy flux is consistent with the experimentally observed growth
of the width of the turbulence region d, where d ∼ t1/2 [13]. Moreover, Matsunaga et
al. [14] revealed that the spatial distribution of the turbulent energy in a steady state of
the oscillating-grid turbulence can be predicted using the RANS model described by the
gradient-diffusion approximation. However, the model given by Eq. (11) does not contain
the effects of system rotation. As such, this model cannot account for the enhancement
of the energy transport observed in rotating oscillating-grid turbulence [15–19]. There are
some elaborate RANS models in which the effects of system rotation are incorporated. For
example, the effect of the reduction of the energy cascade is considered by modifying the
transport equation for ε [5, 6], and the rotation-dependent model coefficient is proposed with
the aid of the algebraic Reynolds stress model procedure [7, 8]. Although these effects are
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essential for describing some effects of rotation on turbulence, they are insufficient to predict
the energy transport enhanced in rotating oscillating-grid turbulence. This is because these
models are based on the gradient-diffusion approximation; so that, they cannot account for
the rapid growth of the width of the turbulence region as d ∼ t, which was confirmed by
several previous works [15–18]. Yoshizawa [33] developed a statistical closure theory for
inhomogeneous turbulence which is called the two-scale direct-interaction approximation
(TSDIA). Yoshizawa [20] proposed a model for the pressure diffusion term containing the
effects of the mean shear and the mean rotation with the aid of the TSDIA. The model
expression is written as
〈u′ip
′〉 = CKPS
K3
ε2
Sij
∂K
∂xj
+ CKPΩ
K3
ε2
Wij
∂K
∂xj
, (13)
where Wij [= (∂Ui/∂xj − ∂Uj/∂xi)/2 − ǫijℓΩ
F
ℓ ] is the mean absolute vorticity tensor, and
CKPS and CKPΩ are model constants. In the case where there is no mean velocity and the
system is rotating, the model is given by
〈u′ip
′〉 = −CKPΩ
K3
ε2
ǫijℓΩ
F
ℓ
∂K
∂xj
. (14)
In this model, the relationship 〈u′ip
′〉ΩFi = 0 holds; that is, the velocity-pressure correlation
is orthogonal to the angular velocity vector of the rotation. The model given by Eq. (14)
represents the energy flux in the direction perpendicular to the rotation axis. Hence, it
cannot account for the energy transport enhanced in the direction parallel to the rotation
axis. In summary, previous models cannot account for the enhancement of the energy
transport in the direction parallel to the rotation axis.
C. A model for energy flux enhanced by the turbulent helicity and system rotation
Inagaki et al. [11] showed that the pressure diffusion term significantly contributes to
the Reynolds stress transport in rotating inhomogeneous turbulence accompanied with the
turbulent helicity. In their work, the effect of the system rotation on the velocity-pressure
fluctuation correlation was analytically obtained with the aid of the TSDIA [33]. Detailed
calculations are provided in Appendix A. As a result, we obtain the following model:
〈
u′ip
Ω′
〉
= −CΩ
K3
ε2
H2ΩFi , (15)
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where H(= 〈u′iω
′
i〉) is the turbulent helicity and CΩ is a model constant. Since the turbulent
helicity is not the total amount in volume but the statistically averaged value at one point, it
can vary in time and space. Therefore, the pressure diffusion due to the rotational pressure
is expressed as
ΠΩ =
∂
∂xi
(
CΩ
K3
ε2
H2ΩFi
)
. (16)
As seen from Eqs. (6) and (7d), the correlation between the velocity and the pressure
fluctuation is interpreted as the energy flux due to the pressure. Hereafter, we refer to 〈u′ip
Ω′〉
as the rotational pressure flux. Equation (15) indicates that the negative turbulent helicity,
H < 0, invokes an energy flux parallel to the rotation axis, while the positive turbulent
helicity, H > 0, invokes a flux anti-parallel to the rotation axis. This property corresponds
to the group velocity of inertial waves; the wave packets with negative instantaneous helicity,
u′iω
′
i < 0, propagate upward, while the packets with positive instantaneous helicity, u
′
iω
′
i > 0,
propagate downward. Thus, this model of the rotational pressure flux plays a similar role to
that of group velocity of inertial waves. The detailed expression of the group velocity of an
inertial wave is given in Appendix B. This model is expected to account for the enhancement
of the energy transport observed in a rotating oscillating-grid turbulence [15–19]. In fact,
in the simulation of Ranjan and Davidson [18], negative helicity is dominant in the upper
side of the turbulent cloud, while positive helicity is dominant in the lower side, so that
energy is transferred outward from the cloud. Moreover, the rotational pressure flux can be
interpreted as the energy flux due to the inertial waves in linear inviscid limit. This point
is discussed in Appendix C.
It should be noted that the effects of rotation should appear not only in the case of solid
body rotation of the system, but also in the case in which the non-trivial mean vorticity
exists. From the viewpoint of the covariance of model expression [34], Eq. (15) should be
written as
〈
u′ip
Ω′
〉
= −CΩ
K3
ε2
HΩAi , (17)
where ΩAi (= Ωi + 2Ω
F
i ) denotes the mean absolute vorticity vector and Ωi = ǫijℓ∂Uℓ/∂xj .
Hence, this effect of the turbulent helicity on the energy flux must be important in predicting
the turbulent energy distribution in helical flows such as a swirling flow in a straight pipe
[22, 23], the swirling jet [24], supercell [25, 26], and also in the RANS model of the MHD
turbulence [30–32].
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TABLE I. Simulation parameters. In all runs, the kinematic viscosity is set to ν = 10−3 and the
Reynolds number is Re = 400.
Run ΩF Ro
0 0 ∞
08 0.8 1.10
1 1 0.880
2 2 0.440
5 5 0.176
III. NUMERICAL SIMULATION
A. Numerical setup
In order to assess the validity of the model given by Eq. (15), a DNS of inhomogeneous
turbulence subject to system rotation is performed. The flow configuration is similar to
that proposed by Ranjan and Davidson [18]. The computational domain is Lx × Ly × Lz =
2π × 2π × 2π and the number of grid points is 5123. The pseudo-spectral method is used
and the aliasing error is eliminated by using the phase-shift method. For time integration,
the 3rd-order Runge-Kutta scheme is adopted for nonlinear term, while the viscous and the
Coriolis terms are solved exactly using the integral factor technique [35]. The initial velocity
field is given by a homogeneous isotropic turbulence confined around the z = 0 plane, and
the rotation axis is directed to the z-axis. The parameters for the simulations are shown in
Table I. Here, the Reynolds number Re and the Rossby number Ro are respectively defined
as
Re =
K20
νε0
, Ro =
ε0/K0
2ΩF
, (18)
where K0 = K|z=0,t=0(= 0.704), ε0 = ε|z=0,t=0(= 1.24), and Ω
F denotes the absolute value
of the angular velocity of the system rotation.
In order to generate the solenoidal initial velocity, we perform a pre-computation of decay-
ing homogeneous isotropic turbulence. For the initial condition of the pre-computation, the
energy spectrum is set to E(k) ∝ k4 exp[−2(k/kp)2] where kp = 6 and K =
∫∞
0
dk E(k) = 2.
Here, we use the velocity field uhiti at the time
√
2K/3|t=0k
pt = 7.97 at which the energy has
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been transferred to high-wavenumber region and the energy dissipation rate starts decaying.
The stream function ψi is introduced which satisfies u
hit
i = ǫijℓ∂ψℓ/∂xj and ∇
2ψi = 0. Then,
the initial velocity field of the main computation of the inhomogeneous turbulence uinii is
given by
uinii = ǫijℓ
∂
∂xj
[g(z)ψℓ] . (19)
Here, g(z) is a weighting function which confines the velocity field around z = 0 and is set
to g(z) = exp[−(z/σ)4] where σ = Lz/8 = 0.785. The integral length scale obtained from
uhiti field is L
int[= 3π/4K
∫∞
0
dk k−1E(k)] = 0.516. Therefore, the width of the confined
turbulent region, 2σ = 1.57, is three times as wide as the integral length scale Lint.
B. Results
In the following results, statistical quantities are obtained by averaging over the x-y plane.
Thus, the statistical quantities only depend on z and t.
1. Spatial distribution of the turbulent energy
Figure 2 shows the spatial distribution of the turbulent energy at each time for runs 0
and 1. In both cases, the energy at |z| < 1 decreases while that at |z| > 1 increases with the
progression of time. This represents the outward energy transfer. In the rotating case (run
1), the energy increase at |z| > 1 is faster and the resulting energy transfer is rapid compared
with the non-rotating case (run 0). The spatial distribution of the turbulent energy at
2ΩFt = 2 for four runs of the rotating cases is shown in Fig. 3(a). Here, ‘linear inv.’ denotes
the solution of the linear inviscid equation given by Eq. (B1). In the outer region at |z| > 1,
all lines almost overlap, while in the center region at |z| < 1, the values are quite different
from each other. It is seen that the spatial distribution of K asymptotically approaches
the linear inviscid solution as the rotation rate increases. In Fig. 3(b), we compare the
numerical solution of the Navier-Stokes equation, the linear inviscid solution, and the linear
viscous solution obtained from the Navier-Stokes equation without the nonlinear term for
run 1, whose Rossby number is moderate. It is clearly seen that the linear viscous solution
does not overlap with the numerical solution of the nonlinear Navier-Stokes equation. This
12
result indicates that the nonlinearity is not negligible in the center region at |z| < 1 for the
moderate-Rossby-number case.
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FIG. 2. Spatial distribution of turbulent energy at each time for (a) run 0 and (b) run 1.
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FIG. 3. Spatial distribution of the turbulent energy at 2ΩFt = 2: (a) comparison between four runs
of the rotating cases with the linear inviscid solution (linear inv.) and (b) comparison between the
numerical solution of run 1, the linear inviscid solution, and the solution of run 1 obtained from
the Navier-Stokes equation without the nonlinear term (linear vis.).
Dickinson and Long [15] suggested that the growth of the the width of the turbulence
region d varies according to the rotation rate. Here, we define the width of the turbulence
region as d = |z(K = 0.02K0)|; that is, the location of the turbulence edge where the turbu-
lent energy takes the value of K = 0.02K0, which is similar to the previous method [15–18].
The time evolution of d with time is shown in Fig. 4(a). The width of the turbulence region
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for the rotating cases appears to grow linearly, while that for the non-rotating case (run 0)
is saturated at t = 1.5. The growth for run 0 is not exactly the same as the experimental
result of d ∼ t1/2 [13] because of the absence of energy injection in this simulation. For
the rotating cases, the growth rate increases as the rotation rate increases. The flux of the
turbulent energy in the direction parallel to the rotation axis depends on the rotation rate.
The previous studies showed that for rotating cases, the lines of growth of the width of the
turbulence region overlap when time is normalized by the angular velocity of the system
rotation [15–18]. Figure 4(b) shows the growth of the width of the turbulence region against
time normalized by the angular velocity of the system rotation. The linear inviscid solution
is also plotted. In all of the rotating cases except for run 08, the lines overlap and are
similar to the linear inviscid solution. This result suggests that the growth of the width
of the turbulence region of rapidly rotating flows can be estimated by the linear inviscid
equation given by Eq. (B1). On the other hand, the gradient of the growth for run 08 is
not as steep as those in the other runs in Fig. 4(b). This result indicates that not only the
energy transport due to the rotation, but also the diffusion due to the nonlinearity of the
turbulence is important for moderate-Rossby-number flows.
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FIG. 4. The growth of the the width of the turbulence region against time. In (b), time is
normalized by the angular velocity of the system rotation. The result of the linear inviscid case is
also plotted.
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2. Budget of the turbulent energy transport equation
The budget of the turbulent energy transport equation (10) for runs 0, 1, and 5 at
2ΩFt = 2 (t = 1 for run 0) is shown in Fig. 5. Note that FK = 0, that is, the work done by
the external forcing is zero in the simulation. In Fig. 5(a) for run 0, the turbulent energy
dissipation is dominant at |z| < 1 and the energy is transferred mainly by the turbulent
diffusion given by Eq. (7c) near z = ±1. On the other hand, in Fig. 5(b) for run 1, the
rotational pressure diffusion also contributes to the energy transfer at z = ±1. In Fig. 5(c)
for run 5, the intensity of the rotational pressure diffusion is much larger than that of run 1 at
the same time, where the time is normalized by the angular velocity of the system rotation.
The turbulent energy increases at 1 < |z| < 2 solely by the rotational pressure diffusion. As
the Rossby number decreases, the contribution of the rotational pressure diffusion increases.
(a) (b)
(c)
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FIG. 5. The budget of the turbulent energy transport equation for (a) run 0 at t = 1, (b) run 1 at
t = 1(2ΩFt = 2), and (c) run 5 at t = 0.2(2ΩFt = 2).
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IV. DISCUSSION
A. Evaluation of the model for the rotational pressure flux
As seen in Fig. 5, the rotational pressure diffusion term significantly contributes to the
budget of the turbulent energy transport. This result indicates that the energy flux due to
turbulence is enhanced by the system rotation. Firstly, we examine whether the enhancement
of the energy flux can be predicted by the conventional gradient-diffusion approximation.
Figure 6 shows the comparison between the total energy flux due to turbulence, 〈u′zp
′〉 +
〈u′zu
′
iu
′
i/2〉, and the conventional gradient-diffusion approximation given by Eq. (11) for
runs 0 and 1 at t = 1 and 2 (2ΩFt = 2 and 4 for run 1). The model constant is chosen as
Cν/σK = 0.22 so that the agreement is good for run 0. The value of the model constant is
almost twice as large as the conventional value Cν/σK = 0.09 [14, 36]. For run 0, the spatial
distribution of the total energy flux can be predicted by the gradient-diffusion approximation
although the model constant is large. On the other hand, for run 1, the energy flux is under-
predicted by the gradient-diffusion approximation. In particular, a broad spatial distribution
of the energy flux at −3 < z < 3 at 2ΩFt = 4 is not predicted. Figure 7 shows the
comparison between the energy flux due to the nonlinearity, 〈u′zp
N′〉 + 〈u′zu
′
iu
′
i/2〉, and the
gradient-diffusion approximation for runs 08 and 1 at 2ΩFt = 2 and 4. The model constant
is the same as in Fig. 6. In contrast to Fig. 6(b), the energy flux due to the nonlinearity
agrees fairly well with the gradient-diffusion approximation for both runs. Therefore, it is
clearly shown that the conventional gradient-diffusion approximation can predict the energy
flux due to the nonlinearity, but cannot account for the rotational pressure flux, 〈u′zp
Ω′〉,
enhanced by the system rotation. Therefore, a new model is required to account for the
rotational pressure flux.
Next, we examine the newly proposed model given by Eq. (15). Figures 8(a) and 8(b)
respectively show the spatial distribution of the turbulent helicity for run 0 and run 1 at each
time. For run 1, it is clearly seen that the negative turbulent helicity is dominant at z > 0,
while the positive turbulent helicity is dominant at z < 0. Although the initial condition
also has a negative turbulent helicity at z > 0 due to the insufficiency of the statistical
average, the most part of the turbulent helicity shown in Fig. 8(b) is not due to the initial
condition but is generated by the system rotation effect at t > 0. This is suggested by the
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fact that the turbulent helicity just decays for run 0 with no system rotation [Fig. 8(a)].
The same sign of the segregation of the turbulent helicity shown in run 1 was observed in
the previous simulations [18, 19], and this result may be obvious from the view point of the
inertial wave propagation as stated in Appendix B. In the context of the RANS equation,
this spatial distribution of the turbulent helicity antisymmetric about z = 0 can be also
explained by considering the transport equation for the turbulent helicity. It is given by [9]
∂H
∂t
= 2ΩFz
∂K
∂z
+ · · · , (20)
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where only the production term is written on the right-hand side for simplicity. Since the
turbulent energy is confined near z = 0 at the initial condition, ∂K/∂z is negative at z > 0,
while it is positive at z < 0. Because ΩFz > 0, a negative H is generated at z > 0, while
a positive H is generated at z < 0 for rotating cases as observed in Fig. 8(b). The spatial
distribution of the rotational pressure flux is shown in Fig. 8(c). The spatial distribution of
the rotational pressure flux is similar to that of the turbulent helicity with negative coefficient
at each time. The same tendency is seen for other runs with system rotation. This result
suggests that the model expression of the energy flux in terms of the turbulent helicity given
by Eq. (15) is qualitatively good. Figure 9 shows the comparison between the rotational
pressure flux and its model given by Eq. (15) with CΩ = 0.03 for runs 08 and 1 at 2Ω
Ft = 2
and 4. The present model predicts the broad spatial distribution of the rotational pressure
flux, which cannot be reproduced by the gradient-diffusion approximation. Therefore, the
proposed expression is potentially a good candidate for the model of the rotational pressure
flux.
B. Consistency of the model from the analytical view point
In Fig. 9, the prediction by the proposed model at 2ΩFt = 2 is good, but its accuracy
decreases at 2ΩFt = 4 in the sense that the present model overestimates the DNS value
especially at 1 < |z| < 2. The disagreement at 1 < |z| < 2 at 2ΩFt = 4 is partly because the
dissipation rate ε is not adequate to express the coefficient in Eq. (15). The coefficient K3/ε2
in Eq. (15) represents the square of the turbulent length scale for the rotational pressure
flux. In the RANS modeling, ε is often interpreted as the energy cascade rate from the large
scale to the small scale in addition to the dissipation rate [36]. In the case of fully developed
turbulence or a statistically equilibrium state, the energy cascade rate related to the large
scales and the dissipation rate related to the small scales are considered to be almost equal;
thus the dissipation rate can be used to express the turbulent length scale. However, as seen
in Figs. 5(b) and 5(c), the dissipation rate is much less than the rotational pressure diffusion
at 1 < |z| < 2 in this simulation, and the turbulent field is not in an equilibrium state. The
dissipation rate is not balanced by the energy cascade rate which is closely related to the
turbulent length scale. Therefore, it is possible that the expression K3/ε2 overestimates the
coefficient of the model given by Eq. (15).
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In order to correct the model expression (15), we analyze the rotational pressure flux
theoretically. Since the flow is homogeneous in x and y directions, the Fourier transformation
is applicable in these directions. Here, the Fourier transformation of q(x) in the homogeneous
directions is defined as
q(x) =
∫
dk⊥qˆ(k⊥, z)e
ik⊥·x⊥, (21a)
qˆ(k⊥, z) =
1
(2π)2
∫
dx⊥q(x)e
−ik⊥·x⊥, (21b)
where k⊥ = (kx, ky) and x⊥ = (x, y). In the case that there is no solid wall, the Poisson
equation for the rotational pressure given by Eq. (4b) is solved as
pˆΩ(k⊥, z) = −2Ω
F
z
∫ ∞
−∞
dz′
1
2k⊥
e−k⊥|z−z
′|ωˆz(k⊥, z
′). (22)
The rotational pressure flux can be calculated as
〈
u′zp
Ω′
〉
=
∫
dk⊥
∫
dk′⊥
〈
uˆ′z(k⊥, z)pˆ
Ω′(k′⊥, z)
〉
ei(k⊥+k
′
⊥
)·x⊥
=
∫
dk⊥ℜ
[〈
uˆ′z(k⊥, z)pˆ
Ω′∗(k⊥, z)
〉]
= −2ΩFz
∫
dk⊥
∫ ∞
−∞
dz′
1
2k⊥
e−k⊥|z−z
′|ℜ [〈uˆ′z(k⊥, z)ωˆ
′
z
∗(k⊥, z
′)〉] , (23)
where the homogeneity in the x⊥ direction is used and Eq. (22) is substituted. Equation (23)
suggests that the rotational pressure flux can be expressed by using Hzz(= 〈u
′
zω
′
z〉) with the
factor MH as follows:
〈
u′zp
Ω′
〉
= −MHHzz2Ω
F
z , (24)
MH =
1
Hzz
∫
dk⊥
∫ ∞
−∞
dz′
1
2k⊥
e−k⊥|z−z
′|ℜ [〈uˆ′z(k⊥, z)ωˆ
′
z
∗(k⊥, z
′)〉] . (25)
Here, MH has the dimension of the square of the length scale. Modeling MH requires
information on the integral length scales of the turbulent helicity spectrum in the k⊥ space
and the correlation between the velocity and vorticity along the z direction. If the two-point
correlation between the velocity and vorticity in the z direction is almost constant within the
region at |z− z′| < 1/k⊥, the integral
∫∞
−∞
dz′ exp[−k⊥|z− z
′|] can be calculated separately;
MH can then be written as
MH =
1
Hzz
∫
dk⊥k
−2
⊥ ℜ [〈uˆ
′
z(k⊥, z)ωˆ
′
z
∗(k⊥, z)〉] . (26)
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If the integral length scale of the turbulent helicity is comparable to the integral length scale
of energy, MH can be expressed as MH ∝ (LK)2 where
LK =
1
2K
∫
dk⊥k
−1
⊥ 〈uˆ
′
i(k⊥, z)uˆ
′
i
∗(k⊥, z)〉 . (27)
Then, the rotational pressure flux can be expressed as
〈
u′zp
Ω′
〉
= −CΩL
(
LK
)2
H2ΩFz , (28)
where CΩL is a constant. Here, it is also assumed that the turbulent helicity is almost
isotropic, Hzz ≃ H/3. Figure 10 shows the comparison between the rotational pressure flux
and the expression (28) for runs 08, 1, and 2 at 2ΩFt = 2 and 4. Here, CΩL = 0.16 is
adopted. In contrast to the model given by Eq. (15) (Fig. 9), the expression (28) does not
overestimate the exact value at 1 < |z| < 2 at both time 2ΩFt = 2 and 4. The same tendency
is also shown for run 2 in Fig. 10(c). In the case of fully developed turbulence, the energy
cascade rate to the small scale is comparable to the dissipation rate, as previously discussed.
In such cases, the integral length scale of the energy can be expressed in terms of K and ε
as LK ∼ K3/2/ε. Thus, the expression (28) can be rewritten as the model given by Eq. (15).
However, the model given by Eq. (15) is not good enough in a non-equilibrium case. In
this sense, non-equilibrium effects for the model coefficient (LK)2 should be incorporated in
order to improve the model given by Eq. (15) in future work. Nevertheless, it should be
emphasized that the proposed model associated with the turbulent helicity and the system
rotation can account for the energy flux enhanced in the direction parallel to the rotation
axis, which is not expressed by previous models.
C. Helical Rossby number
In this simulation, the energy flux due to the nonlinearity can be predicted using the con-
ventional gradient-diffusion approximation, while the energy flux enhanced by the rotation
needs to be predicted by the newly proposed model. However, it is not clear in advance
whether the new model is required for simulating general turbulent flows. It would be useful
if there existed a criterion for judging the relative importance of the rotational pressure flux
in general flows. The conventional Rossby number given by Eq. (18) cannot be used for this
purpose because it involves the system rotation, but not the turbulent helicity. Hence, a
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FIG. 10. Comparison between the rotational pressure flux and the expression (28) for (a) run 08,
(b) run 1, and (c) run 2 at 2ΩFt = 2 and 4.
new non-dimensional parameter which involves both the absolute vorticity and the turbulent
helicity is needed as a criterion.
In this study, we define the helical Rossby number RoH as the ratio of the energy flux
described by the gradient-diffusion approximation to the energy flux due to the turbulent
helicity and the absolute vorticity. By using the expressions (11) and (17), the helical Rossby
number can be defined as
RoH =
∣∣∣∣ (K
2/ε)∇‖K
(K3/ε2)HΩA
∣∣∣∣ =
∣∣∣∣ ε∇‖KKHΩA
∣∣∣∣ , (29)
where ∇‖ denotes the spatial derivative in the direction of the absolute vorticity and Ω
A
denotes the absolute value of the absolute vorticity in which the absolute vorticity is already
defined in connection with Eq. (17). A major difference between the helical Rossby number
and the conventional Rossby number given by Eq. (18) is that the former contains the
turbulent helicity. Hence, for non-helical rotating homogeneous turbulence [3, 4], the helical
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Rossby number is infinity although the conventional Rossby number can be small. On
the other hand, for inhomogeneous turbulence with the finite turbulent helicity and a mean
absolute vorticity, the helical Rossby number has a finite value. In the case of inhomogeneous
turbulence accompanied with rotation, the turbulent helicity is often generated [18, 19, 24]
and one of its generation mechanism is seen in Eq. (20). Figure 11 shows the distribution of
the helical Rossby number given by Eq. (29) for four runs of the rotating cases at 2ΩFt = 2
in the present simulation. As shown in Fig. 8(c), the rotational pressure flux assumes its
maximum value near z = ±1. It is clearly seen in Fig. 11 that RoH near z = ±1 decreases
as the rotation rate increases. In the present simulation, Cν/σK = 0.22 is appropriate for
the model constant in the gradient-diffusion approximation given by Eq. (11) (see Fig. 7),
while CΩ = 0.03 in the model for the rotational pressure flux given by Eq. (17) (see Fig. 9).
Thus, the ratio of the nonlinear energy flux to the rotational energy flux is estimated as
0.22/0.03 × RoH ∼ 7 × RoH . In this sense, RoH < 1/7 is a criterion that the energy flux
enhanced by the turbulent helicity and the rotation exceeds the energy flux expressed by
the gradient-diffusion approximation.
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FIG. 11. Spatial distribution of the helical Rossby number given by Eq. (29) for each run at
2ΩFt = 2.
Although the definition of the helical Rossby number given by Eq. (29) has a physically
clear interpretation, it is complex since it contains the spatial derivative in the direction of
the rotation axis. Then, we define the simplified helical Rossby number RoHs as
RoHs =
∣∣∣∣ ε
2
K3/2HΩA
∣∣∣∣ . (30)
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It should be noted that the simplified helical Rossby number still has the same feature as
the helical Rossby number given by Eq. (29) in the sense that it has a finite value only when
the turbulent helicity is non-zero. Figure 12 shows the distribution of the simplified helical
Rossby number given by Eq. (30) for four runs of the rotating cases at 2ΩFt = 2 in the
present simulation. Although the overall profile is different from Fig. 11, it is seen that RoHs
near z = ±1 decreases as the rotation rate increases. Hence, the simplified helical Rossby
number is another candidate criterion for judging the relative importance of the energy flux
enhanced by the turbulent helicity and the rotation.
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FIG. 12. Spatial distribution of the simplified helical Rossby number given by (30) for each run at
2ΩFt = 2.
V. CONCLUSIONS
In the case of rotating inhomogeneous turbulence, it is observed that the turbulent energy
is rapidly transferred in the direction of the rotation axis in comparison with the non-rotating
case [15–18]. The conventional gradient-diffusion approximation of the turbulent energy flux
cannot account for this enhancement of the energy flux in the direction parallel to the ro-
tation axis. A new model of the energy flux that represents the energy transport enhanced
in the direction parallel to the rotation axis is proposed. The model is associated with the
turbulent helicity and the mean absolute vorticity. Its property is similar to the group ve-
locity of inertial waves governed by the linear inviscid equation; the negative instantaneous
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helicity invokes the energy flux parallel to the rotation axis, while the positive instantaneous
helicity invokes the flux anti-parallel to the rotation axis. In order to assess the validity of
the proposed model, a DNS of inhomogeneous turbulence subject to system rotation is per-
formed, whose flow configuration is similar to that proposed by Ranjan and Davidson [18].
It was shown that the rotational pressure diffusion significantly contributes to the diffusion
of the turbulent energy. The spatial distribution of the turbulent helicity is similar to that of
the rotational pressure flux with negative coefficient, where the rotational pressure flux rep-
resents the energy transport enhanced by the system rotation. This result suggests that the
new model expressed in terms of the turbulent helicity is qualitatively good. The proposed
model agrees well with the exact value at an early stage, while the model overestimates the
exact value at a later stage. This overestimation is partly because the turbulent length scale
is not adequately expressed by the dissipation rate in a non-equilibrium state. Theoretical
analysis revealed that the overestimation can be improved using the integral length scale
LK instead of K3/2/ε in expressing the model coefficient. In further work, the performance
of the model should be assessed in the statistically stationary helical turbulence such as the
swirling flow in a straight pipe [22, 23] or the swirling jet [24]. Moreover, we need to improve
the model by incorporating non-equilibrium effects through the integral length scale.
In the last section, we introduced the helical Rossby number which represents the ratio of
the energy flux described by the gradient-diffusion approximation to that enhanced by the
turbulent helicity and the absolute vorticity. The helical Rossby number is different from
the conventional Rossby number. The former has a finite value only when the turbulent
helicity is non-zero, while the latter can have a finite value even when the turbulent field
is non-helical. Turbulent flows associated with the turbulent helicity and the large scale
vortex are often encountered in engineering [22–24], meteorological [25, 26], and the MHD
turbulence [27–32]. We expect that the helical Rossby number can potentially be utilized as
a criterion for judging the relative importance of the energy flux enhanced by the turbulent
helicity and the rotation in general turbulent flows.
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Appendix A: Analytical modeling of the rotational pressure diffusion
By using the TSDIA [33], we obtain a model expression for the rotational pressure dif-
fusion. In the TSDIA, the fast variables (ξ; τ) and the slow variables (X;T ) are introduced
for space and time variables with a scale parameter δ as follows:
ξ = x, τ = t, X = δx, T = δt. (A1)
We assume that the mean values change so slowly that they depend only on the slow vari-
ables, (X;T ), while the fluctuating fields depend on both the fast and slow variables. This
reads as
q = Q(X;T ) + q′(ξ,X; τ, T ), (A2)
where q = (ui, p). Under Eq. (A1), the space and time derivatives are expressed as
∂
∂xi
=
∂
∂ξi
+ δ
∂
∂Xi
,
∂
∂t
=
∂
∂τ
+ δ
∂
∂T
. (A3)
The effects of inhomogeneity are included by the derivative expansion in powers of δ. In
order to observe the effects of the rotation, the fluctuation fields q′ are expanded not only
in powers of δ but also in powers of the rotation parameter ΩF as
q′(ξ,X; τ, T ) =
∞∑
n,m=0
δn|ΩF|mq(nm)(ξ,X; τ, T ). (A4)
The O(δ0|ΩF|0) field corresponds to the homogeneous non-rotating turbulence. The effects
of inhomogeneity and anisotropy are incorporated in the fields of O(δn) with n ≥ 1, and
the effects of the rotation are incorporated in the fields of O(|ΩF|m) with m ≥ 1, in a
perturbational manner. Here, we assume that the Fourier transformation can be applied to
the fast variables ξ;
q(ξ,X; τ, T ) =
∫
dk q˜(k,X; τ, T )eiξ·k, (A5a)
q˜(k,X; τ, T ) =
1
(2π)3
∫
dξ q(ξ,X; τ, T )e−iξ·k. (A5b)
We also assume that the lowest-order field satisfies the following statistical property,
〈
u˜
(00)
i (k,X; τ, T )u˜
(00)
j (k
′,X; τ ′, T )
〉
=
[
Dij(k)
EB(k,X; τ, τ ′, T )
4πk2
−
i
2
kℓ
k2
ǫijℓ
EBH(k,X; τ, τ
′, T )
4πk2
]
δ(k+ k′), (A6)
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where Dij(k) = δij − kikj/k
2. EB and EBH denote the spectra of the turbulent energy and
helicity of the lowest-order field, respectively. They satisfy the following expression:
KB =
1
2
〈
u
(00)
i u
(00)
i
〉
=
∫ ∞
0
dk EB(k,X; τ, τ, T ), (A7)
HB =
〈
u
(00)
i ω
(00)
i
〉
=
∫ ∞
0
dk EBH(k,X; τ, τ, T ). (A8)
Up to O(δ|ΩF|), the pressure diffusion for the turbulent energy transport is calculated as
ΠK = −δ
∂
∂Xi
[〈
u
(00)
i p
(00)
〉
+
〈
u
(01)
i p
(00)
〉
+
〈
u
(00)
i p
(01)
〉]
=
1
3
δ
∂
∂Xi
[∫
dk k−2EBH(k,X; τ, τ, T )2Ω
F
i
]
+O(|u(00)|3). (A9)
The expression of the pressure diffusion given by Eq. (A9) was obtained by Inagaki et al.
[11]. In this study, we obtain the concrete expression of the model in terms of the K-ε
model. In the TSDIA, the energy spectrum is expressed by means of the inertial-range form
with a low-wavenumber cutoff as [33],
EB(k) = CKε
2/3k−5/3, (A10)
KB =
∫ ∞
kC
dk EB(k) =
3
2
CKε
2/3
(
kC
)−2/3
, (A11)
where CK is the Kolmogorov constant and k
C denotes the cutoff wavenumber corresponding
to the energy-containing scale. Here and hereafter, the dependence of the statistical values
on slow variables, (X;T ), are omitted for simplicity. The helicity spectrum can be expressed
in the following form [37];
EBH(k) = CHε
Hε−1/3k−5/3. (A12)
Here, εH denotes the dissipation rate of the turbulent helicity which is defined as
εH = 2ν
〈
∂u′i
∂xj
∂ω′i
∂xj
〉
. (A13)
This helicity spectrum which is proportional to the turbulent helicity dissipation rate was
first discussed by Brissaud et al. [38] and k−5/3 behavior was numerically observed by the
EDQNM approximation [39] and DNS [40] of homogeneous turbulence. It should be noted
that this form of the helicity spectrum (A12) is associated with high-Reynolds-number tur-
bulence, but not with weak inertial-wave turbulence [41]. We choose the helicity spectrum
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(A12) since our focus is on the high-Reynolds-number turbulence. Using the helicity spec-
trum given by Eq. (A12), we have
HB =
∫ ∞
kH
dk EBH(k) =
3
2
CHε
Hε−1/3
(
kH
)−2/3
, (A14)
∫ ∞
kH
dk k−2EBH(k) =
3
8
CHε
Hε−1/3
(
kH
)−8/3
=
1
4
(
kH
)−2
HB, (A15)
where kH is the cutoff wavenumber of the lower part of the helicity spectrum. By using
Eq. (A14), the wavenumber characterizing the helicity containing scale kH can be expressed
as
(
kH
)−1
=
(
2
3CH
HB
εH
)3/2
ε1/2. (A16)
If the decaying rate of the turbulent helicity can be estimated by the turbulent time scale
K/ε, εH is expressed as [9],
εH = CεH
ε
K
H, (A17)
As the renormalization procedure, we replace KB and HB by K and H , respectively. Using
Eqs. (A9) and (A15)–(A17), the model of the pressure diffusion term is expressed as
ΠK =
1
12
(
2
3CHCεH
)3
∂
∂xi
[
K3
ε2
H2ΩFi
]
. (A18)
This expression is the same as Eq. (16).
Appendix B: The property of the group velocity of inertial wave
We briefly explain the property of the group velocity of an inertial wave (see e.g. [42]
for details). When the system rotation is so rapid that the nonlinear and viscous terms are
negligible compared with the Coriolis force term, motion of the fluid is governed by
∂ui
∂t
= −
∂pΩ
∂xi
+ 2ǫijℓujΩ
F
ℓ , (B1)
with the continuity equation (2). Note that pN = 0 under this condition. Taking the curl of
each term in Eq. (B1), the vorticity equation in a linear inviscid system is derived as
∂ωi
∂t
= 2ΩFj
∂ui
∂xj
. (B2)
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Taking the curl again and time derivative of Eq. (B2), the wave equation is derived as [42]
∂2
∂t2
∇2ui =
(
2ΩFj
∂
∂xj
)2
ui. (B3)
Substituting the wave solution ui = u˜i exp[i(kjxj −̟t)] to this equation, the frequency ̟
and the group velocity Cgi of the inertial wave are obtained as follows:
̟ = ±
2ΩFi ki
k
, Cgi =
∂̟
∂ki
= ±
2
k
Dij(k)Ω
F
j , (B4)
where Dij(k) = δij − kikj/k
2. Equation (B4) indicates that wave packets in a rotating fluid
propagate upward or downward in the direction of the rotation axis. The sign of the fre-
quency and the group velocity of the inertial wave is related to the sign of the instantaneous
helicity [21]. Substituting the wave solution and the frequency given by Eq. (B4) to the
vorticity equation (B2), we have
ω˜i = ∓ku˜i, (B5)
where ω˜i = iǫijℓkju˜ℓ. Thus, the instantaneous helicity is expressed as
u˜iω˜
∗
i = ∓k|u˜i|
2. (B6)
Hence, the wave packets with negative instantaneous helicity propagate upward, while the
packets with positive instantaneous helicity propagate downward, as mentioned in Sec. IIC.
Appendix C: Relationship between the inertial waves and the rotational pressure
flux
Here, we consider homogeneous isotropic reflectionally-asymmetric turbulence. In the
case of homogeneous turbulence, the diffusion terms such as Eqs. (7c)–(7e) vanish. However,
the energy flux itself can be non-zero. In this situation, the rotational pressure flux is
expressed as,
〈
u′ip
Ω′
〉
=
∫
dk iǫjℓm2Ω
F
ℓ
km
k2
〈
u˜′i(k)u˜
′
j
∗(k)
〉
. (C1)
In homogeneous isotropic reflectionally-asymmetric turbulence, the velocity correlation is
exactly written as
〈
u˜′i(k)u˜
′
j
∗(k)
〉
= Dij(k)e(k)− iǫijℓ
kℓ
k
h(k)
2k
, (C2)
29
where e(k) and h(k) denote the three-dimensional spectra of the energy and the helicity,
respectively. Substituting Eq. (C2) to (C1) gives:
〈
u′ip
Ω′
〉
= −
∫
dk
2
k
Dij(k)Ω
F
j
h(k)
2k
. (C3)
Note that Eq. (23) for the turbulence which is inhomogeneous in the z direction corresponds
to Eq. (C3) for the homogeneous turbulence. If the Rossby number is so small that the
governing equation is reduced to the linear inviscid equation (B1), the relationship (B6)
holds. The ensemble average of Eq. (B6) is then written as
h(k) = ∓2ke(k). (C4)
Substituting Eqs. (B4) and (C4) into Eq. (C3), we have
〈
u′ip
Ω′
〉
=
∫
dk Cgi e(k). (C5)
This equation can be interpreted as the energy flux due to the group velocity of the inertial
waves. Hence, the rotational pressure flux is closely related to the inertial wave propagation.
It should be noted, however, the model expressed by Eqs. (15) or (17) should be used for
fully nonlinear turbulence, while Eq. (C5) is valid only in the linear inviscid regime.
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